In this study, we explored the possibility of enhanced spontaneous emission of radiation beyond the free space value by analyzing a semiconductor superlattice structure placed in a microcavity whose resonant modes were tuned to the Bloch frequency. In particular, we considered the spontaneous emission of Bloch radiation into the dominant mode of a rectangular waveguide. In the analysis, the quantum radiation field was described by the waveguide quantized electromagnetic field in the Coulomb gauge, and the instantaneous eigenstates of the Bloch Hamiltonian were used as basis states to analyze the Bloch dynamics to all orders in the constant external electric field.
analysis, the quantum radiation field was described by the waveguide quantized electromagnetic field in the Coulomb gauge, and the instantaneous eigenstates of the Bloch Hamiltonian were used as basis states to analyze the Bloch dynamics to all orders in the constant external electric field.
The results predict that the spontaneous emission occurs with frequencies equal to integral multiples of the Bloch frequency without any ad hoc assumptions made concerning the existence of Wannier-Stark ladder levels; such quantization effects arise from a natural consequence of the implicit quantum selection rules. It was shown that the power radiated into the dominant mode of a rectangular waveguide can be enhanced by an order of magnitude in comparison with that for the free space spontaneous emission by tuning the Bloch frequency to align with the spectral region of the waveguide spectral density peak. For GaAs-based superlattices, the power radiated from spontaneous emission due to Bloch oscillations in the terahertz frequency range was estimated to be about several microwatts.
I. Introduction
Electrons in a miniband of a semiconductor superlattice (SL), accelerated by an electric field E applied in the transverse direction to the SL layers without scattering, can undergo Bloch oscillations [1] [2] [3] with frequency ω B = eEa/h, where a is the SL period. The Bloch frequency ω B can be tuned with external field E so as to vary from the high gigahertz to the terahertz (THz) frequency range, thus suggesting the applicability of such internal oscillations as a tunable solid-state source for submillimeter wave radiation.
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Most recently, Bloch oscillations have been confirmed by using time-domain terahertz emission spectroscopy in GaAs-based SL structures.
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There have been also a lot of discussions relating the coupling of coherent Bloch oscillations to other fundamental solid-state excitations such as photons, 6, 7 optical phonons, 8 and plasmons. 9 In this study, we analyze the spontaneous emission (SE) of radiation resulting from a Bloch electron accelerated by a constant electric field through a miniband of a SL structure placed in a resonance microcavity.
The use of an electromagnetic cavity is well known to maintain resonant conditions at a given frequency to provide a positive suitable feedback in various microwave oscillator schemes 10 as well as in optical 11 and terahertz 12 laser systems. An increase of the overall emitted THz power of more than one order of magnitude has been reported by placing a surface-field emitter inside a THz cavity.
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As axamples relevant to this work, many efforts have been focused on increasing of the SE rate in optical microcavities. 14 The effect of electromagnetic wave confinement (i.e., when at least one dimension of the cavity is of the order of the radiative wavelength) is to redistribute the free-space mode spectral density so as to increase it at some frequencies and to decrease it at others. Therefore, for an active medium in a cavity structure, the SE rate can be enhanced or diminished depending on the position of the emission frequency relative to the cavity-mode spectral density. 14, 15 
II. Bloch oscillator model configuration
We assume that the SL structure is placed into a waveguide with rectangular cross section L x ×L y and length L z , where the coordinate axes are chosen to be along the waveguide edges.
The dc electric field E is applied along the y axis, which is also the SL growth direction.
The electromagnetic field inside the waveguide with assumed perfectly conducting walls is determined by the guided modes corresponding to standing waves with respect to the X and Y axes [designated by an integer pair (m, n)] and propagating waves along the Z axis characterized by propropagation constant q z . Such modes form a complete and orthogonal basis set for describing the electromagnetic fields within the waveguide. In the following, we will consider only transverse electric (TE) modes, where the electric field is perpendicular to the direction of propagation. For practical cases, 16 the most important of all confined modes is the TE 10 mode (m = 1, n = 0), which is the dominant mode of a waveguide with L x > L y . This mode has the lowest attenuation and its electric field, E r , for the chosen system geometry, is polarized in the direction of the dc field E. We consider only one excited, TE 10 , mode while all the other less effective TE and TM modes are ignored.
For this mode, we have the following zero electric field E r,x = E r,z = 0 and magnetic field H r,y = 0 components. Thus, the vector potential A r of the field has only one nonzero (y) component, so that
where 
, where λ c = 2L x is the cutoff wavelength.
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III. Bloch Hamiltonian and quantum dynamics based on instantaneous eigenstates
In this analysis, the dynamical properties are considered for the situation in which the electron is confined to a single miniband 'n 0 " of a SL while the effects of interband coupling 17 and electron intraband scattering are ignored. Therefore, the quantum dynamics is described by the time-dependent Schrödinger equation
where the exact Hamiltoian H can be reduced to a sum of the following Hamiltonians
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Here the first two terms represent the Hamiltonian, 
as a perturbation.
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The solution to |Ψ n 0 (t) of Eq. (2) can be represented in terms of eigenstates of basis states |ψ n 0 k(t) , {n q,s } = |ψ n 0 k(t) |{n q,s } of the unperturbed Hamiltonian
where the summation over k is carried out over the entire Brillouin zone, and {n q,s } is specified over all possible combinations of photon occupation number n q,s with photon wave vectors q and polarizationε q,s . The instantaneous eigenstates of H 0 are given by
, where u n 0 k(t) (r, t) is the periodic part of the Bloch function, k(t) = K + p c (t)/h, and the values of the electron wave vector K are determined by the periodic boundary conditions of the periodic crystal of volume Ω.
For the one-photon SE, which assumes that initially no photons are present, the probability amplitude in the wave function of Eq. (3) satisfies the initial condition A {n q,s } (k, t 0 ) = {δ n q,s ,0 } δ K,K 0 at time t = t 0 when the electric field is turned on. Here, K 0 and n 0 q,s = 0 are the initial values of K and n q,s . The probability amplitude for SE, A q (k 0 , t), is now evaluated in first-order perturbation theory as
where
/hc is the fine structure constant, k 0 (t) = K 0 + p c (t)/h, q j = {±q x , 0, q z } with " + " for j = 1 and " − " for j = 2, and q = (q
. Then the emission process results in the well-known SE probability
IV. Quantum selection rule
In evaluating A q (k 0 , t), we take into account that the external dc field, E, is along the Y axis; then, it follows that k 0y (t) = K 0y + eE(t − t 0 )/h. In taking advantage of the periodic properties of the terms in Eq. (4), A q (k 0 , t) is evaluated in clocked integral multiples of the Bloch period, so that t = N τ B , where τ B = 2π/ω B , the time to traverse one period of the Brillouin zone. The integral in Eq. (4) over time can be replaced by an integral over k 0y through the substitution dt = (h/eE)dk 0y . Then the probability amplitude, at integral multiples of the Bloch period, can be expressed through that over the single Bloch period,
17,18
Thus we obtain
where the parameter β q is given by
and G y = 2π/a, the y component of the SL reciprocal-lattice vector.
From Eq. (6), it is seen that the quantity |A q (k 0 , N τ B )| 2 will reach its maximum growth value when β q = 2π(m + δ), where m is an integer and δ → 0; for this limit, the function
, i. e., it becomes sharply peaked at the resonances with increasing N . It is clear that this condition for maximum growth establishes the selection rule 17, 18 for the photon emission frequency ω q . Indeed, from the condition β q = 2πm, it follows from Eq. (7) in the radiative long-wavelength limit (qa 1) that one generally has
the "Stark ladder" resonance condition. Note that q is not collinear with the direction of the applied field E, then the integral in Eq. (7) does not vanish because of the periodicity of V. Spontaneous emission probability and the enhancement factor
The spontaneous emission probability is evaluated at time t = N τ B , P 
. The integral can be evaluated by using the property of the integrand which contains a sharply peaked, symmetric
[see Eq. (8)]. Thus, at every node defined by the resonance conditions, the slowly varying function of q in the integrand can be replaced by its value evaluated at q = q m , and then removed from the integral over q; after that, the remaining integral can be evaluated to obtain
Here l max follows from q max = l max (ω B /ω c )q x , and determines the upper limit in the sum over higher Bloch oscillation harmonics.
The analysis for spontaneous emission and radiation characteristics is now developed by considering a SL miniband in the nearest-neighbor tight-binding approximation. The electron miniband energy dispersion is expressed as
where ε n 0 (0) is the band edge, ∆ is the miniband width, and ε ⊥ (K ⊥ ) is the contribution from the perpendicular components of the miniband. The electron velocity, for the given 
In noting that the SE probability of Bloch radiation into free space with fundamental Bloch frequency is given by the expression
, we can compare both the probabilities analyzing the ratio
In 
VI. Numerical estimations and discussion
For numerical estimations, we assume a GaAs-based SL structure with the SL lattice parameter a = 100Å, vertical dimension 9 µm, and lateral cross section 18 × 1000 µm
Also we assume that waveguide is fully filled with the semiconductor material. The electron density in the active region is taken to be 5 × 10
. Taking for the SL lowest miniband energy width ∆ = 20 meV, the maximum group velocity in the miniband is estimated as
cm/s. These parameter magnitudes are close to those of GaAs-based SL structures used to study high-frequency microwave generation.
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Spontaneous emission of a photon with the energy 10 meV corresponds to the Bloch frequency ν B = ω B /2π = 2.5
THz. The electric field required to achieve such Bloch frequency is E =hω B /ea =10 kV/cm, and results in the application of nine volts across vertical dimension of the SL structure.
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The spontaneous emission probability of radiation into free space can be estimated taking, meV. Since there is a total of n = 8 × 10 9 electrons in the active region of the SL, the generated energy achievable is estimated to be P f s = nhω B P s f s = 34.4 eV, which corresponds to a power output generated into free space W f s = (ν B /N )P f s 0.14 µW.
Although the power generated into free space is discernibly low for the SE of Bloch oscillation radiation, it follows from Eq. (12) that SE probabilities and rates are substantially modified for the case of radiation into the waveguide mode. We find from Fig. 1 that η = 20, if
we take for the detuning parameter ω B /ω c = 1.05. Then, using the obtained value for the enhancement factor, we estimate the power output generated into the TE 10 waveguide mode as W wg 3 µW.
It is noted that a Bloch oscillation SL does not require controlled inversion population between Wannier-Stark ladder levels to get the desired SE photon frequency; the desired frequency is controlled by the applied field. Whereas in other SL light generating devices, such as quantum cascade lasers, a large inversion population is required to provide stimulated emission with resulting high threshold current densities and high heat dissipation. In this regard, the Bloch oscillator in SE offers a novel option for operating at THz frequencies, provided the power output can be enhanced in the coherent Bloch regime. Future directions of this work include the study of limiting factors of electron dephasing due to scattering inhomogeneities in the SL to determine an optimum power enhancement and the efficiency of power extraction from the cavity.
VII. Summary of the most important results
• The quantum electron dynamics and spontaneous emission of radiation for a Bloch electron traversing a single energy miniband of a SL structure in a constant electric field and in the presence of a resonant cavity have been analyzed. The analysis is based on the use of instantaneous eigenstates of the Bloch Hamiltonian good to all orders of the dc field, and to first-order perturbation theory in the quantized radiation field.
• The analysis results in the quantum selection rule which shows that the spontaneous emission into the waveguide dominant mode is sharply peaked at frequencies equal to integral multiples of the Bloch frequency. This result has made use of no ad hoc assumptions about the existence of Wannier-Stark quantized energy levels within the band.
• The spontaneous emission probabilities are substantially enhanced in comparison with spontaneous emission into free space when the Bloch frequency is tuned by the field into the spectral peak of the waveguide mode density of states.
• The set of controlling parameters has been specified and their magnituds have been estimated for the enhanced spontaneous emission due to Bloch oscillations in the terahertz frequency range.
• The enhancement factor has been analyzed as a function of the Bloch frequency and the external electric field. A theoretical estimate of the enhancement factor provides an order of magnitude enhancement for GaAs-based superlattices, and resulted in a power output of 3 µW. A theory of spontaneous emission of radiation for a Bloch electron traversing a single band in an external electric field is presented. The radiation field is described by a free space quantized electromagnetic field in the Coulomb gauge. It is shown that the spontaneous emission occurs with frequencies equal to integral multiples of the Bloch frequency without any \textit{ad hoc} assumptions concerning the existence of WannierStark levels. An explicit expression for the transition probability is derived in first-order perturbation theory relative to the radiation field. Although the output frequency of the radiation can be operationally tuned from the gigahertz to terahertz spectral range by varying the constant electric field, it is estimated that a spontaneous emission power output of only about 0.1 of a microwatt is available using GaAs-based superlattices. In this regard, it is noted that the atomic spontaneous emission probability and related transition rates can be enhanced by properly tailoring the surrounding electromagnetic environment. Therefore, considering Bloch oscillations in a resonant microcavity to enhance the spontaneous emission is a noteworthy alternative for exploring tunable gi gahert z to ter ahertz radiation sources.
A theory for the spontaneous emission of radiation for a Bloch electron traversing a single energy band under the influence of a constant external electric field is presented. The constant external electric field is described in the vector potential gauge. The quantum radiation field is described by the free space quantized electromagnetic field in the Coulomb gauge. The instantaneous eigenstates of the Bloch Hamiltonian are introduced as basis states to analyze the Bloch dynamics to all orders in the constant external electric field. The radiation field described by the quantized electromagnetic field provides the vacuum fluctuations that are responsible for the spontaneous emission of radiation of the single electron from the upper regions of the energy band. It is shown that the spontaneous emission occurs with frequencies equal to integral multiples of the Bloch frequency without any ad hoc assumptions made concerning the existence of Wannier-Stark ladder levels. An explicit expression for the spontaneous emission transition probability is derived to first order in the quantized radiation field; results show the explicit dependence upon the electron energy band structure, photon polarization, and the directionality of the radiation output. As an illustration, spontaneous emission probabilities are developed and illustrated for nearest-neighbor tight-binding and more realistic superlattice band structure models. For the GaAs-based superlattices, the power radiated into free space from spontaneous emission due to Bloch oscillations in the terahertz frequency range is estimated to be about one-tenth of a microwatt. Bloch electron dynamics in electric fields has been a subject of great interest dating back to the early development of solid-state physics. [1] [2] [3] More recently, the availability of bandengineered superlattices ͑SLs͒ and tailored periodic structures has stimulated further activities [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] in electric fieldmediated transport and optical absorption in low-dimensional SLs and quantum-well ͑QW͒ structures, where bandgaps and bandwidths are typically several orders of magnitude smaller than those of bulk solids. In particular, recent attention has been focused on Bloch oscillations, the k-space oscillatory behavior afforded to Bloch electrons when moving in a periodic energy band under the influence of a constant electric field in the absence of scattering. For a biased semiconductor SL, the Bloch frequency [1] [2] [3] [4] for such an oscillation is given by B = eEa / ប, where E is the applied constant field and a is the SL period; it is evident that the Bloch frequency can be tuned with changing the external electric field so as to vary from the high gigahertz to the terahertz frequency range, thus suggesting the applicability of such internal oscillations as a tunable source for submillimeter wave radiation. 4 It is interesting to note that transport experiments suggest only indirect 5 evidence for the manifestation of Bloch oscillations, whereas optical experiments using semiconductor SLs have allowed direct observations. 6, 7 There have been also numerous discussions relating the coupling of coherent Bloch oscillations to other fundamental solid-state excitations such as photons, 8, 9 optical phonons, 10 and plasmons.
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In this paper, in noting that Bloch oscillations might provide a noteworthy alternative for exploring tunable radiation sources in the gigahertz to terahertz frequency range, a study is undertaken to analyze the spontaneous emission ͑SE͒ of radiation resulting from a Bloch electron accelerating through a single band under the influence of a constant external electric field while subject to vacuum field fluctuations.
In the general framework of this work, attention is focused on the theory for the SE of radiation for a Bloch electron traversing a single energy band in a constant external electric field. It is shown that in a scattering free environment and in fields low enough to ignore interband tunneling, spontaneous photon emission occurs as the Bloch electron interacts with the quantum radiation field; the emission occurs only with frequencies equal to integral multiples of the Bloch frequency, even though no ad hoc assumptions are made concerning the existence of Wannier-Stark levels. The transition probability is found as an explicit function of the electron energy band structure, photon polarization, and directionality of the radiation output.
In Sec. II, the Hamiltonian for a Bloch electron in the quantum electrodynamic field of interest is developed. The classical external electric field is described in the vector potential gauge, and the free space quantized electromagnetic radiation field is treated using the Coulomb gauge. In neglecting the higher-order quantum field-field interaction term, it is shown that the total Hamiltonian reduces to the sum of three contributions, the Hamiltonian for the Bloch electron in the classical external electric field, the Hamiltonian for the free space quantized radiation field, and the Hamiltonian for the first-order interaction between the quantum field and the Bloch electron. In Sec. III, the instantaneous eigenstates of the Bloch Hamiltonian, known as accel-erated, field-dependent crystal momentum states, are developed. 15 These instantaneous eigenstates are utilized as basis states in describing the time development, and in calculating the SE transition rates of the accelerated Bloch electrons under the action of the perturbing quantum radiation field. In Sec. IV, the polarization properties of the SE resulting from Sec. III are analyzed. Numerical estimates for power generated using a realistic band structure are given. In Sec. V, a summary of overall results is given; also a discussion of key physical issues relevant to Bloch oscillation dephasing is put forth, issues that were set aside in the analysis of this paper, but that need to be considered in future work on this subject. Also, in Appendix A we provide details of the time-dependent perturbation analysis used to calculate transition rates; in Appendix B we provide the calculation of matrix elements utilized in the perturbation calculations of Appendix A.
II. BLOCH HAMILTONIAN IN AN ELECTROMAGNETIC FIELD
The Hamiltonian for a single electron in a periodic crystal potential subject to an external homogeneous electric field of arbitrary strength in a time-varying electromagnetic field is
Here, V c ͑r͒ is the periodic crystal potential, A is the total vector potential consisting of A = A c + A r , and H r is the Hamiltonian for the free electromagnetic field; p is the momentum operator, r is the spatial coordinate, m 0 is the free electron mass, and c is the velocity of light in vacuum. For the vector potential terms, A c ͑t͒ is the vector potential describing the external electric field. For a homogeneous electric field E͑t͒, turned on at initial time t = t 0 , the vector potential is A c ͑t͒ =−c͐ t 0 t E͑tЈ͒dtЈ; in addition, letting F͑t͒ = eE͑t͒ and p c ͑t͒ = ͐ t 0 t F͑tЈ͒dtЈ, it then follows that p c ͑t͒ =−͑e / c͒A c ͑t͒. The vector potential term, A r , corresponding to the free quantized radiation field, is given as
where q,j is a unit polarization vector for the radiation mode with wave vector q and polarization j, and q,j · q,j Ј = ␦ jj Ј with j , jЈ =1,2. a q,j † and a q,j are the creation and annihilation boson operators of the quantum radiation field, V is the volume of the system, and q = ͉q͉, the magnitude of wave vector q. A r satisfies the Coulomb gauge, that is, ١ ·A r = 0, which means, from Eq. ͑2͒, that q,j · q = 0, ͑3͒
for each polarization direction. It also follows from the Coulomb gauge that ͓p , A r ͔ = 0. The Hamiltonian for the free quantized radiation field is
where q = cq, the free space photon dispersion.
In substituting the vector potential A = A c + A r into Eq. ͑1͒, and regarding the term containing A r as a perturbation, 16 we can reduce the total Hamiltonian of Eq. ͑1͒ to
and
where H r is given by Eq. ͑4͒. Equation ͑5͒ follows from Eq. ͑1͒ in the limit of a low intensity radiation field, where we have dropped the term of order A r 2 . 17 In Eq. ͑5͒, the first two terms represent the Hamiltonian, H 0 ͑t͒, for a single electron in a periodic crystal potential interacting with a homogeneous electric field, and the Hamiltonian, H r , for the free electromagnetic field; the term H I ͑t͒ in Eq. ͑5͒, and specified in Eq. ͑7͒, couples both subsystems H 0 and H r , and causes transitions between the accelerated Bloch electron states through photon absorption and emission. In the next section, starting with the total Hamiltonian of Eq. ͑5͒, use is made of first-order time-dependent perturbation theory to calculate SE transition probabilities between states of H 0 + H r while regarding H I ͑t͒ as a perturbation.
III. QUANTUM DYNAMICS BASED ON INSTANTANEOUS EIGENSTATES
A. Crystal Hamiltonian and instantaneous eigenstates
In this analysis, the dynamical properties are considered for the situation in which the electron is confined to a single band "n 0 " of a periodic crystal with energy n 0 ͑K͒; the effects of interband coupling 15 and electron intraband scattering are ignored. Therefore, the quantum dynamics is described by the time-dependent Schrödinger equation,
here, H is given by Eq. ͑5͒, and ͉⌿ n 0 ͑t͒͘ is sought in terms of the complete set of eigenstates based on the instantaneous eigenstates of H 0 and the eigenstates of H r , subject to an initial Bloch momentum state and initial photon field occupancy. where ͉͕n q,j ͖͘ is a simple product of all possible combinations of photon number states, n q,j , with a given wave vector q and polarization q,j . Thus, the solution to ͉⌿ n 0 ͑t͒͘ of Eq. ͑8͒ can be represented in terms of eigenstates of basis states ͉ n 0 k͑t͒ , ͕n q,j ͖͘ = ͉ n 0 k͑t͒ ͉͕͘n q,j ͖͘ of the unperturbed Hamiltonian H 0 + H r as
where the summation over k is carried out over the entire Brillouin zone ͑BZ͒, and ͕n q,j ͖ is specified over all possible combinations of photon occupation number with corresponding photon wave vectors q and polarization q,j .
The appropriate time-dependent equations of motion for the A ͕n q,j ͖ ͑k , t͒ coefficients expressed in Eq. ͑12͒ are given in Appendix A; these equations relate the time dependence of A ͕n q,j ͖ ͑k , t͒ to the basis-dependent matrix elements of H I through a self-consistent set of equations. In applying the usual first-order time-dependent perturbation theory methodology to this set of equations, consistent with the initial conditions for the k state of the Bloch electron in the energy band "n 0 " and the initial state of radiation field, a first-order perturbation theory result, namely, A ͕n q,j ͖ ͑1͒ ͑k , t͒ = A ͕n q,j ͖ ͑a͒ ͑k , t͒ + A ͕n q,j ͖ ͑e͒ ͑k , t͒, is obtained, where the superscripts "a" and "e" stand for photon absorption and emission, respectively. The explicit expressions for both A ͕n q,j ͖ ͑a͒ ͑k , t͒ and A ͕n q,j ͖ ͑e͒ ͑k , t͒ are given in Appendix A, in Eqs. ͑A6͒ and ͑A7͒. In the case of photon emission, the total emission probability can be written as
with k 0 ͑t͒ = K 0 + p c ͑t͒ / ប. Here, K 0 and n q,j 0 are the initial values of the wave vector K and photon number n q,j , and D =−i ͱ 2␣ / V, where ␣ = e 2 / ͑បc͒ is the fine structure constant.
It is clear from above that ͉A q,j ͑e͒ ͓k 0 ͑t͒ , t͔͉ 2 is the probability for the emission of a photon with wave vector q and polarization q,j at time t. Yet, the total emission probability as calculated in first-order perturbation theory results in a weighted sum with respect to ͑n q,j 0 +1͒ when summed over all photon wave number q and polarization, as noted in Eq. ͑13͒. Therefore, it follows that if no photons are initially present in the quantum radiation field, that is n q,j 0 = 0 for all modes, then the emission process results in the well-known SE probability, P e s ͑t͒ = ͚ q,j ͉A q,j ͑e͒ ͑k 0 ,t͉͒ 2 . ͑15͒
The additional term, proportional to n q,j 0 , in Eq. ͑13͒ is also well known to correspond to induced emission probability.
The terms associated with photon absorption in Eq. ͑A6͒ can be considered in a similar way; here we find, for the absorption probability, that
͑17͒
The quantity P a ͑t͒ in Eq. ͑16͒ is proportional to n q,j 0 , and therefore vanishes if the radiation field is initially in the vacuum state.
B. Properties of transition probabilities and selection rules for spontaneous emission of a single photon
The specific analysis now focuses on one-photon spontaneous emission from a Bloch band "n 0 " coupled to a radiation field that initially has no photons present. This means that the probability amplitude in the wave function of Eq. ͑12͒ satisfies the initial condition A ͕n q,j ͖ ͑k , t 0 ͒ = ͕␦ n q,j ,0 ͖␦ K,K 0 at time t = t 0 when the electric field is turned on. With this assumed initial condition, the probability amplitude for emission, A q,j ͑e͒ ͑k 0 , t͒, is now evaluated from Eq. ͑14͒.
In evaluating A q,j ͑e͒ ͑k 0 , t͒, it is assumed that the external dc field, E, is along the z axis ͑also the growth direction of a SL͒; then, it follows that k 0z ͑t͒ = K 0z + F͑t − t 0 ͒ / ប, and k 0Ќ ͑t͒ = K 0Ќ = const, where k 0Ќ ͑t͒ is the component of wave vector k 0 ͑t͒ perpendicular to the z axis. In taking advantage of the periodic properties of the terms in Eq. ͑14͒, A q,j ͑e͒ ͑k 0 , t͒ is evaluated in clocked integral multiples of the Bloch period, so that t = N B , where B =2 / B , the time to traverse one period of the BZ. Then, the integral in Eq. ͑14͒ over time can be replaced by an integral over k 0z through the substitution dt = ͑ប / F͒dk 0z . It then follows from the periodic property of the energy band in the BZ, and therefore the electron velocity as well, that the probability amplitude, at integral multiples of the Bloch period, can be expressed as 15 A q,j
Here, the parameter ␤ q is given by
and A q,j ͑e͒ ͑k 0 , B ͒, the probability amplitude over a single Bloch period, is
where G z =2 / a, the z component of the SL reciprocallattice vector. It then follows from Eq. ͑18͒ that
From Eq. ͑21͒, it is seen that ͉A q,j ͑e͒ ͑k 0 , N B ͉͒ 2 will reach its maximum growth value when ␤ q =2͑m + ␦͒, where m is an integer and ␦ → 0; for this limit, the function
It is clear that this condition for maximum growth establishes the selection rule 15 for the photon emission frequency. Indeed, from the condition ␤ q =2m, it follows from Eq. ͑19͒ that
͑22͒
In noting the contribution from the integral in Eq. ͑22͒, note that if q is collinear with the direction of the applied field, i.e., in the z direction, then the integral in Eq. ͑22͒ vanishes because of the periodicity of n 0 ͑k 0 ͒. If, however, q is not collinear with the direction of the applied field, then the integral in Eq. ͑22͒ does not vanish, and contributes to the selection rule. In particular, in considering the radiative longwavelength limit, where n 0 ͑k 0 − q͒ can be expanded in a Taylor series about small q, the expression for q in Eq. ͑22͒ results in
Here, q Ќ is the perpendicular component of q relative to the applied electric field direction and the average transverse velocity, v Ќ , is given by
Specifically for the tightbinding energy band approximation, 18 one finds that v Ќ ͑K Ќ ͒ = v Ќ ͑K Ќ ͒. However, the second term on the righthand side of Eq. ͑23͒ is negligibly small for nonrelativistic Bloch electron velocities; 19 thus one generally has
the "Stark ladder" resonance condition. 15 Figure 1 illustrates the resonance frequency behavior of the relative probability spectral density ͑ q ͒ = ͉A q,j ͑e͒ ͑k 0 , N B ͉͒ 2 / ͉A q,j ͑e͒ ͑k 0 , B ͉͒ 2 for N = 4. With increasing N, the ͑ q ͒ becomes sharply peaked at the resonances because the function y͑x͒ = sin 2 ͑Nx͒ / ͓N sin 2 ͑x͔͒ behaves like a delta function at each N as x → 0. Thus, the modes that radiate with the highest probability correspond to the fundamental Bloch frequency and its harmonics; this quantization condition is obtained without requiring any assumptions concerning the existence of Wannier-Stark energy states.
C. Total spontaneous emission probability
The total SE probability is evaluated from Eq. ͑15͒. The SE probability is evaluated at time t = N B by substituting ͉A q,j ͑e͒ ͑k 0 , N B ͉͒ 2 , already obtained in Eq. ͑21͒, into Eq. ͑15͒ to obtain
͑26͒
Here, the sum over q in Eq. ͑15͒ has been replaced by an integral over q for a single polarization, such that element of a solid angle subtended by q, and , are the polar angles. In treating the integral of Eq. ͑26͒, it is observed in the integral that q 2 ͚ j ͉A q,j ͑e͒ ͑k 0 , B ͉͒ 2 is a slowly varying function of q; whereas, it is noted from Fig. 1 , and previous discussions therein, that the term sin 2 ͑N␤ q /2͒ / sin 2 ͑␤ q /2͒ is a sharply peaked, symmetric function of q at q values of q m = m B / c, where m is an integer, as noted in Eq. ͑25͒. Thus, at every node defined by the resonance conditions ␤ q =2m, with q / B = m and q m = m B / c, the slowly varying function of q in the integrand can be replaced by its value evaluated at q = q m , and then removed from the integral over q; the remaining term in the integrand can be evaluated by letting q = ͑ B /2c͒␤ q at each node so that
Thus, Eq. ͑26͒ becomes
where l max follows from q max = l max B / c, and determines the upper limit in the sum over higher Bloch oscillation harmonics. The calculation of P e s in Eq. ͑27͒ now requires the use of A q,j ͑e͒ ͑k 0 , B ͒ in Eq. ͑20͒, evaluated at the maximum growth conditions of Eq. ͑23͒, that is when
In addition, the dependence upon q in Eq. ͑20͒ is made explicit by invoking the assumption of a photon long-wavelength limit; this assumption is valid for all periodic potentials of interest, even SLs, where q Ӷ / a. Thus, in letting n 0 ͑k 0 − q͒Ӎ n 0 ͑k 0 ͒ − q·١ k 0 n 0 ͑k 0 ͒ and v͑k 0 − q͒ Ӎ v͑k 0 ͒ − q·١ k 0 v͑k 0 ͒, A q,j ͑e͒ ͑k 0 , B ͒ in Eq. ͑20͒ becomes, in the long-wavelength limit,
͑28͒
with the phase factors in the exponent defined by
The results of Eqs. ͑28͒ and ͑29͒ are valid for an arbitrary band structure. But for the tight-binding band structure model cases now considered, especially since they are appropriate for SLs, it is noted that 18 v Ќ = v Ќ in Eqs. ͑29b͒, in which case ͑k 0z , K 0z ͒ϵ0. Therefore, for the tight-binding model, Eq. ͑28͒ can be simplified by introducing dimensionless variables and parameters,
Then the integral in Eq. ͑28͒ becomes
the mth Fourier component of the integrand ⌫ q,j ͑ k ͒ = v· q,j e i q B ͑ k ͒ . Thus, it follows from Eq. ͑31͒ that
where D is defined after Eq. ͑14͒. Substituting Eq. ͑33͒ into Eq. ͑27͒, one obtains
In analyzing the polarization properties of the SE, it is convenient to separate the contribution to ⌽ mj ͑ q ͒ with polarization parallel and perpendicular to the applied electric field, i.e., relative to the z axis, so that
͑36͒
Here the symbol Ќ stands for the vector component perpendicular to the applied electric field. These terms determine angular dependences of the intensity of SE. The next step is to evaluate the integrals in Eqs. ͑35͒ and ͑36͒, which requires a specific model for the energy band structure. This will be addressed in the next section.
IV. ANALYSIS OF SPONTANEOUS EMISSION FOR SUPERLATTICE AND TIGHT-BINDING MODELS
The analysis for spontaneous emission and radiation characteristics is now developed by utilizing the special case of a SL miniband with a growth direction defined along the z axis. The electron energy band dispersion relation is expressed as
where n 0 ͑0͒ is the band edge, ⌬ l is the width of the lth miniband harmonic of the SL, and ⌬͑K Ќ ͒ is the contribu-tion from the perpendicular components of the band. The corresponding velocity, for the given K z in the z direction, is then given by
where v l = ⌬ l la /2ប, the maximum velocity associated with the lth miniband of bandwidth, ⌬ l . The energy band dispersion of Eq. ͑37͒ in the SL direction generally includes long range coupling over the neighboring QWs with a relative strength measured by the specific value of the ratio ⌬ l+1 / ⌬ l Ͻ 1, which is dependent upon the extent of wave function overlap. For the well-known case of nearest-neighbor tightbinding ͑NNTB͒ energy dispersion, only ⌬ 1 is considered significant, so that next nearest neighbor and longer range QW wave function overlaps are assumed to be negligibly small. Also for the energy band model under consideration in Eq. ͑37͒, it is noted that v Ќ ͑k 0 ͒ is independent of k 0z , so that v Ќ = v Ќ ͑Ref. 18͒ from Eq. ͑24͒, and for subsequent use in Eq. ͑36͒.
A. Direction of spontaneous emission radiation output relative to the electric field
First, it is useful to analyze the particular cases of SE probability for the q direction of propagation, where q is perpendicular to E, the transverse radiation direction, and then where q is parallel to E, the longitudinal radiation direction. Finally, this will be followed by the case where q is at an arbitrary direction with respect to the electric field.
Radiation in transverse direction
For the case of the photon wave vector, q, perpendicular to the applied field, E, then as noted from Fig. 2 , q z = 0 and q = ͉q Ќ ͉; also, the two independent polarization directions, q,j , can be chosen parallel to the field direction, with longitudinal polarization ͓referred to as L polarization, with j =1 and ͑ q,1 ͒ z =1, ͑ q,1 ͒ Ќ =0͔, and perpendicular to the field direction, with transverse polarization ͓referred to as T polarization, with j = 2 and ͑ q,2 ͒ z =0, ͉͑ q,2 ͒ Ќ ͉ =1͔. Since q z =0, it follows from Eq. ͑30͒ that q = 0 so that Eqs. ͑35͒ and ͑36͒ become analytically manageable for evaluation, and one obtains
͑38͒
Thus, for L polarization, only the l = m term survives, which is in resonance with the mth Bloch harmonic oscillation. In contrast, the model with NNTB, which is frequently used to approximate electron transport in narrow energy bands, would allow the generation of l = 1 only, thereby limiting the propagation to the fundamental Bloch harmonic. Substituting ⌽ mj,z ͑0͒ from Eq. ͑38͒ into Eq. ͑33͒, the L polarization probability amplitude becomes
where R T ͑͒ is introduced as an angular form factor. The emission probability density is independent of the angle , the angle the q makes with the x axis in the xy plane ͑see Fig. 2͒ . Thus, the form factor R T ͑͒, denoted by R T ͑ = /2,͒ is unity on the right-hand side of Eq. ͑39͒. Thus, the SE probability is
where account has been taken for photon wave vector q l = l B / c and the small solid angle ␦⍀ =2 ␦ for ͓͑ − ␦͒ /2,͑ + ␦͒ /2͔, ␦ Ӷ 1.
The emission of photons with T polarization gives a zero contribution into P e s , since the condition ͑m = l =0, j =2͒ in Eq. ͑38͒ results in zero wave vector q l=0 =0.
Radiation in longitudinal direction
For the case of the photon wave vector, q, parallel to the applied field, E, while the polarization q,j is perpendicular to the direction of the field, then consider q = ͉q z ͉, q Ќ = 0 with ͑ q,j ͒ z = 0 and ͉͑ q,j ͒ Ќ ͉ = 1. The two independent polarizations, q,j , are chosen, as noted in Fig. 3 . In this case, since q 0, the term ⌽ mj,Ќ ͑ q ͒ in Eq. ͑36͒ can be calculated analytically if we omit the higher harmonic contribution ͑l Ͼ 1͒ in the energy band dispersion of Eq. ͑37͒. Then Eq. ͑36͒ becomes
where J m ͑x͒ is the Bessel function of the first kind. Thus, from Eq. ͑41͒ the longitudinal component of SE will be nonvanishing for finite values of v Ќ ; the electron just moves along the in-plane direction at a constant v Ќ , which is fixed by the initial quasimomentum. Substituting Eq. ͑41͒ into Eq. ͑33͒, the probability amplitude becomes
͑42͒
Then, from Eq. ͑34͒, the SE probability becomes
where ␦⍀ =2͓1 − cos͑␦͔͒ Ӎ ͑␦͒ 2 , the small solid angle about the z axis, where ␦ Ӷ 1. The photon polarization perpendicular to the velocity v Ќ does not contribute to the SE. R L ͑͒, the emission form factor in Eq. ͑42͒, is isotropic in the xy plane of Fig. 3 ; therefore R L ͑͒ = R L ͑ =0,͒ =1. By utilizing the fact that q l = l B / c in the argument of the Bessel function in Eq. ͑43͒, it follows that q l ⌬ 1 / ͑2ប B ͒ = lv 1 / c Ӷ 1. Thus, the asymptotic form for J l ͑x͒Ӎ͑x /2͒ l / ⌫͑l +1͒, for x Ӷ 1 is assumed, where ⌫͑x͒ is the gamma function, and v 1 = ⌬ 1 a /2ប; therefore, P e s in Eq. ͑43͒ reduces to
␦⍀.
͑44͒
In particular, for the fundamental Bloch harmonic ͑l =1͒, Eq. ͑44͒ becomes 
Radiation in arbitrary direction
For the case of photon wave vector, q, at an arbitrary angle with respect to the electric field, as noted in Fig. 4͑a͒ , the angular dependence of the SE probability can be elucidated from Eqs. ͑35͒ and ͑36͒. Since the integrals of Eqs. ͑35͒ and ͑36͒ can only be evaluated numerically when the full energy dispersion of Eq. ͑37͒ is used, use is made of the NNTB approximation in Eq. ͑37͒ by keeping the term with l = 1 only in the dispersion relation. In this case, the longitudinal component, ⌽ mj,z ͑ q ͒, in Eq. ͑35͒, is found to be, after integration
In noting again, as in subsection IV A 2, that the argument of the Bessel function is small so that an asymptotic limit may be imposed, it follows that Eq. ͑46͒ reduces to
The transverse component, ⌽ mj,Ќ ͑ q ͒, in Eq. ͑36͒ can be calculated in a similar fashion. It is found that
͑47͒
For wave vectors q with a z component projected over q z = q zm ϵ͑m B cos ͒ / c, the second term in the square bracket is small compared to the first term with respect to the parameter ␥ = ͉v Ќ ͉ / c, except in a narrow angular range defined by ␦ Ӎ ␥. This correction can be taken into account through the FIG. 4 . ͑a͒ Geometry of radiation for an arbitrary wave vector q. ͑b͒-͑c͒ Form factor R l ͑ , ͒ of the SE probability; ͑b͒ fundamental Bloch frequency ͑l =1͒; ͑c͒ second Bloch harmonic ͑l =2͒.
function g m,j ͑ , ͒ =1+q z ͑v· q,j ͒ Ќ / ͓m B ͑ q,j ͒ z ͔, which is equal to 1 if the latter term is ignored. Then we obtain from Eqs. ͑34͒ and ͑47͒,
͑48͒
For v 1 l sin / c Ӷ 1, this equation takes the form
where the form factor
determines the angular dependence of the SE probability for the lth Bloch harmonic. In particular, at zero transverse velocity ͓g l,j ͑ , ͒ =1͔, we obtain the form factor, taking into account the fundamental ͑l =1͒ and the second ͑l =2͒ Bloch frequency harmonics R 1 ͑͒ = sin 2 ͑͒ and R 2 ͑͒ = ͑1/4͒sin 2 ͑2͒, respectively. For nonzero transverse velocity, the form factor depends on both polar angles ͑ , ͒, with the dependence on being weak according to the function g l,j ͑ , ͒. Figures 4͑b͒ and 4͑c͒ illustrate the anisotropy of the form factor corresponding to the fundamental ͑l =1͒ and the second ͑l =2͒ Bloch harmonic. Finally, integrating over all polar angles, we find
B. Spontaneous emission discussion; Power estimate
The spontaneous emission probability has been obtained and analyzed for a variety of directional outputs. In general, it is clear from Eq. ͑34͒ and ͑47͒ that the average probability per unit time, resulting from first-order time-dependent perturbation theory, is P e s ͑t = N B ͒ / ͑N B ͒ϳ B ; in contrast, in a one-electron atom, with a two-level model, the resulting frequency dependence 12 for the rate of SE ϳ eg 3 , where eg is the characteristic frequency corresponding to the electron transition between the excited state and the ground state. Thus, the SE probability of Bloch radiation has a comparatively weaker frequency dependence than the corresponding two-level atomic SE probability.
Finally, a numerical estimate is performed for purposes of evaluating the power generated during the spontaneous emission process. In this regard, a semiconductor SL of one micron length is considered, consisting of 100 periods with SL lattice parameter a = 100 Å, and with lateral cross section S = 100ϫ 100 m 2 . The SL is assumed to have an electron density of 5 ϫ 10 17 cm −3 , which corresponds to a total number of electrons in the SL active region of n =5ϫ 10 9 . For the SL miniband structure, in the NNTB approximation, it is assumed that the lowest miniband energy width, ⌬ 1 , is 20 meV, so that the maximum group velocity in the miniband ͓l = 1; Eq. ͑37͔͒ is v 1 = a⌬ 1 / ͑2ប͒ = 1.6ϫ 10 7 cm/ s; these parameter magnitudes resemble those of GaAs-based SLs used to study high-frequency microwave generation. 4, 20, 21 Spontaneous emission is considered for a photon energy given by ប q = ប B = 10 meV, which corresponds to the fundamental Bloch frequency B = B / ͑2͒ = 2.5 THz. The corresponding electric field required to achieve this Bloch frequency is E = ប B / ͑ea͒ = 10 kV/ cm, and results in the application of one volt across the SL. It then follows from Eq. ͑51͒ that the SE probability for N = 100 is estimated 22 to be P e s ͑N = 100͒ = 4.3ϫ 10 −7 . From this SE probability, an estimate of the generation energy per electron becomes ប B P e s = 4.3ϫ 10 −6 meV, and since there are a total of n =5 ϫ 10 9 electrons in the active region of the SL, the generated energy achievable is estimated to be P = nប B P e s = 21.7 eV, which corresponds to an approximate power generation of W = ͑ B / N͒P Ӎ 0.1 W. In this power estimate, it is noted that the power generated in W is proportional to B 2 , and thus E 2 , as expected from power considerations. Although the power generated is discernibly low for SE of Bloch oscillation radiation into free space, it is noted that SE probabilities and rates can be modified by tailoring the surrounding resonant electromagnetic environment. [12] [13] [14] It would therefore be interesting to consider the prospect of enhancing superlattice spontaneous emission of Bloch oscillation radiation through superlattice-resonant cavity interaction with the cavity tuned to the Bloch frequency, while, at the same time, admitting scattering processes as an offsetting suppressant; this is the subject of a future investigation.
V. SUMMARY AND DISCUSSION
A theory for the spontaneous emission of radiation for a Bloch electron traversing a single band in a uniform electric field and in a scattering-free environment has been developed. The analysis results in a selection rule that shows that spontaneous emission is sharply peaked at frequencies equal to integral multiples of the Bloch frequency, a result that made no ad hoc assumptions concerning the existence of Wannier-Stark quantized energy levels within the band, but that comes directly from the use of electric field-dependent instantaneous eigenstates of the Bloch Hamiltonian. Spontaneous emission probabilities were derived and analyzed in terms of band structure and polarization radiation properties. A theoretical estimate for the intensity of the spontaneous emission for GaAs-based superlattices resulted in a power output into free space of one-tenth of a microwatt.
The theoretical analysis has implicitly assumed a single electron model for a Bloch electron in a uniform electric field of a perfect superlattice crystal ignoring scattering effects. Such assumptions provide the optimal conditions for coherent Bloch oscillations and, therefore, reflect the conditions for the maximum achievable power output, albeit, onetenth of a microwatt into free space, as calculated in Sec. IV. But in recent years, many studies on coherent Bloch oscillations have pointed to the importance of additional scattering effects such as carrier-carrier scattering, 25 LO-phonon scattering, 26 and alloy disorder ͑interface roughness͒ scattering 27 due to superlattice compositional doping, all effects that strongly influence the dephasing of coherent Bloch oscillations, and therefore have a significant influence on the magnitude of the spontaneous emission output. The dephasing effects result in a broadening of the peaks of the spontaneous emission probability function that determines the selection rule for transitions, in our case q = m B , and also dampen the output THz radiation amplitude. Specifically, interface roughness scattering 27 has been identified as a dominant mechanism for dephasing in GaAs/ AlGaAs superlattices over a wide temperature range; competitive dephasing mechanisms have been reported due to LO-phonon emission in a miniband wider than the LO-phonon energy ͑36 meV for GaAs-based superlattices͒, and also from carrier-carrier scattering effects. 25, 26 In all cases, the estimated linewidth for broadening from such effects ranges as ϳ͑1.25-2.5͒ meV, which corresponds to dephasing times in a range of ϳ͑1.0-0.5͒ ps; [25] [26] [27] this broadening in energy is nontrivial as it corresponds to about 20% of the Bloch frequency.
It is also noted that the external electric field in our analysis is assumed to be homogeneous across the active region of the superlattice. However, in a realistic device analysis, as the electron density is increased to achieve maximum efficiency for spontaneous emission, the Bloch oscillating superlattice can develop inhomogeneous fields. In this case, the developed theory can be extended by treating the Bloch electron dynamics in inhomogeneous electric fields of arbitrary strength and time dependence. 15, 28 In other situations, domain formation may be possible through negative differential conductance. In this case, by superlattice design, a superstructure can be tailored as a stack of superlattices of appropriate lengths to prevent domain formation. 14 Last, it is noted that a Bloch oscillation superlattice does not require controlled inversion population between Wannier-Stark ladder levels to get the desired spontaneous emission photon frequency; the desired frequency is controlled by the applied field. Whereas in other superlattice light generating devices, such as quantum cascade lasers, a large inversion population is required to provide stimulated emission with resulting high threshold current densities and high heat dissipation. In this regard, the Bloch oscillator in spontaneous emission offers a novel option for operating at THz frequencies, provided the power output can be enhanced in the coherent Bloch regime.
In closing, the power emitted into free space from the spontaneous emission of Bloch oscillation radiation is discernibly small. It is our intention in a future effort to consider enhancing superlattice spontaneous emission of Bloch oscillation radiation through superlattice-cavity inetaraction with the cavity tuned to the Bloch frequency, while, at the same time, including the offsetting effects of dephasing inhomogeneities mentioned earlier, so as to more realistically evaluate the optimal magnitudes of power output from the spontaneous emission of Bloch oscillation radiation.
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APPENDIX A: RESULTS OF PERTURBATION THEORY APPROACH
The equation for the probability amplitudes A ͕n q,j ͖ ͑k , t͒ in Eq. ͑12͒ is given by We assume that at initial time, t 0 , the system is in one of the eigenstates of Hamiltonian H 0 + H r with wave function ͉ n 0 K 0 , ͕n q,j 0 ͖͘, corresponding to the Bloch electron in a single band "n 0 " with the wave vector K 0 , i.e., n 0 K 0 = ͑1/⍀ 1/2 ͒e iK 0 ·r u n 0 K 0 , and with the initial distribution of photon numbers in the radiation field ͉͕n q,j 0 ͖͘. Substituting A ͕n q,j ͖ ͑k , t͒ = A ͕n q,j ͖ ͑0͒ ͑k , t͒ + A ͕n q,j ͖ ͑1͒ ͑k , t͒ +... into Eq. ͑A1͒, and taking into account the initial condition A ͕n q,j ͖ ͑k , t 0 ͒ = ͕␦ n q,j ,n q,j 0 ͖␦ k͑t͒,k 0 ͑t͒ , one obtains to the zeroth and first order in H I , defined in Eq. ͑7͒, for A ͕n q,j ͖ ͑0͒ ͑k , t͒ and A ͕n q,j ͖ ͑1͒ ͑k , t͒, respectively,
A ͕n q,j ͖ ͑0͒ ͑k,t͒ = ͕␦ n q,j ,n q,j 0 ͖␦ k͑t͒,k 0 ͑t͒ , ͑A2͒
A ͕n q,j ͖ ͑1͒ ͑k,t͒ = 1 iប 
͑A4͒
where ␣ = e 2 / ͑បc͒ is the fine structure constant. Thus, we obtain
